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1 The AK Model
Goal: To obtain the restrictions that shall be posit on parameters η and ζ in
order to ensure that the given production function nests to Y (t) = AK(t).

The aggregate production function in this economy is,

Y (t) ≡
I∑
i=1

Yi(t) = K(t)α[B(t)L(t)]1−α, 0 < α < 1 (1)

and the general level of technology, B(t) is given by,

B(t) = AηK(t)ζ , A > 0 (2)

Substituting equation (2) into equation (1) we obtain,

Y (t) = K(t)α[AηK(t)ζL(t)]1−α

= Aη(1−α)K(t)α+ζ(1−α)L(t)1−α (3)

Assuming that labor L(T ) is constant and equal to 1, i.e. L(t) = L = 1,
equation (3) reduces to,

Y (t) = Aη(1−α)K(t)α+ζ(1−α) (4)

Now we can specify the conditions that must be met in order for Y (t) =
Aη(1−α)K(t)α+ζ(1−α) to nest to Y (t) = AK(t), namely:

1. η(1− α) = 1; and

2. α + ζ(1− α) = 1

Solving for η and ζ we obtain,

η = 1
1− α and ζ = 1− α

1− α = 1

When these two conditions are met one can easily verify that production
function (3) nests to Y (t) = AK(t).

�
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2 AK vs. Basic Solow’s Model I
Let us consider the Harrod-Domar production function in which capital is
initially the limiting factor so that,

Y (t) = F [K(t), L(t)] = min{AK(t), BL(t)}
= AK(t)

If we define capital and output per capita as k̃(t) ≡ K(t)/L(t) and ỹ(t) ≡
Y (t)/L(t), respectively, we can express the production function in per capita
terms as,

ỹ(t) = F

[
AK(t)
L(t)

]
= f [k̃(t)]
= Ak̃(t) (5)

To re-express the capital accumulation equation in per capita terms take logs
of k̃(t) ≡ K(t)/L(t) and time derivatives,

˙̃k(t)
k̃(t)

= K̇(t)
K(t) −

L̇(t)
L(t)

= sY (t)− δK(t)
K(t) − n

= sY (t)
K(t) − (δ + n)

= sY (t)
k̃(t)L(t)

− (δ + n)

= sA− δ − n

Multiplying both sides of this expression by k̃(t) we obtain,

˙̃k(t) = (sA− δ − n)k̃(t) (6)
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Now we can answer question (i) and contrast Harrod-Domar’s framework
with the basic Solow model, in per capita terms, with both population growth
and technological progress.

Table 1: Harrod-Domar vs. Basic Solow

Harrod-Domar vs. Basic Solow
ỹ(t) = Ak̃(t) ỹ(t) = A(t)f [k̂(t)] (1)

˙̃k(t) = (sA− δ − n)k̃(t) k̂(t) = sŷ(t)− (δ + gA + n)k̂(t) (2)

g = gỹ = gk̃ = sA− δ − n ỹ∗(t) = A(t)ŷ∗ = A(t)
(

s
δ+gA+n

) α
1−α (3)

No sustained growth Sustained growth (4)
Labor eventually limits production Technological progress allows growth

Tricky notion of steady state Steady state ⇒ convergence (5)
not meaningful to talk about convergence

In the Harrod-Domar model there is per capita growth whilst K is not a
limiting a factor. When L becomes the limiting factor, production switches to
Y (t) = BL(t). Implicitly, aggregate output grows at the population growth
rate (gY = n) and there is, thereof, no per capita growth (gỹ = 0).

�

(ii): Solow’s model should, a priori, receive more support from the data:
• Solow’s can document convergence whilst Harrod-Domar’s cannot

• Growth in per capita income in this version of Solow’s depends on
technological progress whilst growth in Harrod-Domar’s depends on the
level of capital

• Solow’s model is consistent with neoclassical technology assumptions
whilst Harrod-Domar’s violates most of them (e.g. α = 1, FKK ≮ 0,
Inada conditions)

• Growth in per capita income in this version of Solow’s is sustainable
whilst it is not in Harrod-Domar’ because labor eventually becomes a
limiting factor

�
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3 Romer’s Model
(i) Goal: to transform the aggregate production function and the capital

accumulation equation in order to obtain their counterparts in terms of
effective units of labor.

Consider the production function,

Y (t) = F [K(t), A(t)LY ] = K(t)α[A(t)LY ]1−α

and let us define output- and capital- per effective unit of labor as
ŷ ≡ Y (t)/A(t)L and k̂(t) ≡ K(t)/A(t)L, respectively. One can then
re-express the aggregate production function as,

ŷ(t) = F

[
K(t)
A(t)L,

LY
L

]

= f
[
k̂(t), L− LA

L

]
= f

[
k̂(t), (1− sR)

]
= k̂(t)α(1− sR)1−α (7)

To express the capital accumulation equation in terms of effective units
of labor we simply need to take logs and time derivatives,

˙̂
k(t)
k̂(t)

= K̇(t)
K(t) −

Ȧ(t)
A(t)

= sKY (t)− δK(t)
K(t) − gA

= sKY (t)
k̂(t)A(t)L

− (δ + gA)

= sK ŷ(t)
k̂(t)

− (δ + gA)

Multiplying both sides of the last expression by k̂(t) we obtain,

˙̂
k(t) = sK ŷ(t)− (δ + gA)k̂(t) (8)

�
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(ii) Goal: To derive the steady-state capital stock and output, both in terms
of effective units of labor.

Let us impose the steady-state condition:

k̂(t) = 0 ⇒ sK ŷ(t) = (δ + gA)k̂(t)

Plugging in the expression for ŷ(t) we obtain,

sK k̂(t)α(1− sR)1−α = (δ + gA)k̂(t)

Rearranging this expression,

k̂(t)1−α =
(

sK
δ + gA

)
(1− sR)1−α

Solving for k̂(t) we obtain,

k̂∗ =
( sK

δ + gA

) 1
1−α

(1− sR)
 (9)

To obtain the expression for ŷ∗ we just need to plug in the expression
of k̂∗ into ŷ(t),

ŷ(t) = f
[
k̂(t), (1− sR)

]
ă

= k̂(t)α(1− sR)1−α

=
( sK

δ + gA

) 1
1−α

(1− sR)
α (1− sR)1−α

So that output per effective unit of labor in the steady-state is given by,

ŷ∗ =
(

sK
δ + gA

) α
1−α

(1− sR) (10)

�
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(iii) Goal: To obtain ỹ(t)∗ and interpret it.
There are two ways to answer to this question. First, recall that output
per capita is defined as,

ỹ(t) ≡ Y (t)
L

As we have already obtained an expression for ŷ∗, it is convenient to
express output per capita as,

ỹ(t)∗ = A(t)ŷ∗

= A(t)(1− sR)
(

sK
δ + gA

) α
1−α

(11)

If we are to interpret this equation as it is, we shall say that output
per capita is higher in economies with: i) higher levels of technology;
ii) higher saving rates; iii) lower depreciation rates; iv) a lower fraction
of workers in the research sector; and v) lower technological progress.
Whilst equation (11) is valid, the conclusions we have derived are partly
misleading. On the bright side, (i-iii) hold true. On the other hand,
(iv-v) are misleading because if we operate this expression further we
can indeed see that these results do not hold true.

Solving for the growth rate of technological progress we obtain,

gA = θLA

= θsRL

If we now replace A(t) = A(0) exp(gAt) = A(0) exp(θsRLt) in equation
(11) we get,

ỹ(t)∗ = A(0) exp(θsRLt)(1− sR)
(

sK
δ + θsRL

) α
1−α

(12)

If we interpret equation (12) we will (rightly) conclude that output per
capita is higher in economies with: higher initial levels of technology; ii)
higher saving rates; iii) lower depreciation rates; iv) a higher fraction of
workers in the research sector1; and vi) more populous economies.

�

1Both the size of the research sector and population have offsetting effects on growth.
The need effect seems to be positive. This may be seen by looking at the dynamics of
A, which is well-approximated by an exponential growth process of initial technology
influenced positively by both the size of the research sector and the scale of population.

7



(iv) Goal: To calculate output, consumption and investment in per capita
terms for countries i and j.

The first thing to note is that, unfortunately, equation gA = θsRL does
not hold2, which implies that I made a mistake when giving arbitrary
values to gA, sR and L. There should be two results, depending on
whether you substituted gA = θsRL, if you were consistent when substi-
tuting (see Tables 2 and 3).

Table 2: Country i vs. Country j
Using gA = 0.02

Country i (A(0) = 20) vs. Country j (A(0) = 15)

ỹ ≈ 38.99 ỹ ≈ 29.25

c̃ ≈ 28.07 c̃ ≈ 21.06

ĩ ≈ 10.92 ĩ ≈ 8.19

Table 3: Country i vs. Country j
Using gA = θsRL = 1.4

Country i (A(0) = 20) vs. Country j (A(0) = 15)

ỹ ≈ 2, 139.03 ỹ ≈ 1, 604.07

c̃ ≈ 1, 540.10 c̃ ≈ 1, 155.08

ĩ ≈ 598.93 ĩ ≈ 449.20

The objective of this exercise was to highlight that, even when all
other variables and parameters are identical across economies, different
starting levels of technology may have striking implications on cross-
country income gaps.

�

20.02 6= 1.4.
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4 Schumpeterian Growth
(i) Goal: To derive the aggregate and the per capita growth rates of this

economy along a BGP.

Let’s start by calculating growth rates for aggregate quantities. First,
take logs and time derivatives of the aggregate production function,

Ẏ (t)
Y (t) = α

K̇(t)
K(t) + (1− α)

[
E
(
Ȧi
Ai

)
+ L̇Y (t)
LY (t)

]

Using simpler notation,

gY = αgK + (1− α)[gA + n] (13)

We should now solve for the growth rate of aggregate capital. To do so,
divide both sides of the capital accumulation equation by K,

K̇(t)
K(t) = sKY (t)− δK(t)

K(t)

= sK

[
Y (t)
K(t)

]
− δ

From this last expression one can easily see that the next result must
be met for the economy to follow a BGP :

g = gK = gY

So that both aggregate capital and aggregate output grow at the same
constant growth rate g. But what is this rate? We can use this result
in eq. (13) to obtain rate g,

g = αg + (1− α)[gA + n] ⇒ g = gA + n

This equation states that both aggregate capital- and output grow at the
growth rate of technological progress plus the growth rate of population
growth.

So what is the growth rate of technological progress along a BGP?
Take logs and time derivates of the following expression,

E
[
Ȧi
Ai

]
= γθ

LA(t)λ

A1−φ
i
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to obtain
λ
L̇A(t)
LA(t) − (1− φ)E

[
Ȧi
Ai

]
= 0

when imposing the BGP condition. Simplifying notation and solving
for the growth rate of technological progress,

gA = λn

1− φ
which coincides the growth rate of technology in Jones’ model. If we
plug this expression into g = gA + n we get,

g = λn

1− φ + n (14)

so that the growth rate of aggregate quantities along a BGP depends
positively on the growth rate of population and on two externalities: 1)
less-duplication efforts, and 2) knowledge spillovers.

The growth rate for per capita quantities is now straightforward. We
need simply to subtract n from eq. (14) so that,

g = gA = λn

1− φ
This result can alternatively be obtained by transforming the aggregate
production function to per capita terms and proceeding in a similar
manner as we did for aggregate quantities.

�

(ii) Goal: To list structural characteristics that are common in growth-
leading economies.
The answer to this question naturally follows from the las result de-
rived above. Growth-leading economies are those that present higher
population growth rates, less duplication efforts in research and benefit
from higher knowledge spillovers. Note that this is not to say that these
economies are the richest3, but rather the fastest-growing economies.

�

3To argue for or against the factors that make some economies richer than others
over limited periods of time, one should also consider the steady-state output per capita
formulation.
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