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1 Neoclassical Production Functions
Goal: To show that Y = F (K,L) = KαL1−α (with 0 < α < 1 and K,L > 0)
satisfies neoclassical technology assumptions KA1 and KA2.

KA1:

CRS to K and L

Positive and diminishing returns to K and L

CRS to K and L ⇔ F (λK, λL) = λF (K,L):

F (λK, λL) = (λK)α(λL)1−α = λKαL1−α (1)
λF (K,L) = λKαL1−α (2)

Since (1) = (2), there is CRS to K and L.

Positive returns to K and L ⇔ FK(·) > 0 ∧ FL(·) > 0:

FK(K,L) ≡ ∂F (·)
∂K

= αKα−1L1−α = α
Y

K
> 0

FL(K,L) ≡ ∂F (·)
∂L

= (1− α)KαL−α = (1− α)Y
L
> 0

†Solutions to exercises 5 and 6 might be provided in class but not uploaded.
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Diminishing returns to K and L ⇔ FKK(·) < 0 ∧ FLL(·) < 0:

FKK(K,L) ≡ ∂2F (·)
∂K2 = α(1− α)︸ ︷︷ ︸

−

Kα−2L1−α︸ ︷︷ ︸
+

< 0

FLL(K,L) ≡ ∂2F (·)
∂L2 = −α(1− α)︸ ︷︷ ︸

−

KαL−1−α︸ ︷︷ ︸
+

< 0

KA2:

limK→0 FK(K,L) = limL→0 FL(K,L) =∞
limK→∞ FK(K,L) = limL→∞ FL(K,L) = 0

Production function Y = F (K,L) satisfies Inada (1962) conditions:

lim
K→0

FK(K,L) = α
Y

K
=∞ lim

L→0
FL(K,L) = (1− α)Y

L
=∞

lim
K→∞

FK(K,L) = lim
L→∞

FL(K,L) = 0

Furthermore, F (0, L) = F (K, 0) = 0

�
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2 The basic Solow model
The economy is described by the following equations:

Y (t) = F [A(t), K(t), L(t)] = K(t)αL(t)1−α, 0 < α < 1 (3)
K̇(t) = sY (t)− δK(t), 0 < δ < 1 (4)
L̇(t) = nL(t) > 0 (5)

(a) Goal: To express the production function and the capital accumulation
equation in per capita terms. Define:

ỹ(t) ≡ Y (t)
L(t) and k̃(t) ≡ K(t)

L(t)

Then we can express the production function in per capita terms as,

ỹ(t) = F

[
K(t)
L(t) , 1

]
= f(k̃(t)) = k̃(t)α (6)

Take now logs and differentiate w.r.t. time in k̃(t) ≡ K(t)/L(t),

˙̃k(t)
k̃(t)

= K̇(t)
K(t) −

L̇(t)
L(t)

= sY (t)− δK(t)
K(t) − n

= sY (t)
K(t) − (δ + n)

= sY (t)
k̃(t)L(t)

− (δ + n)

= sỹ(t)
k̃(t)

− (δ + n)

Multiplying both sides of this last equation by k̃(t), we obtain the
capital accumulation equation in per capita terms:

˙̃k(t) = sỹ(t)− (δ + n)k̃(t) (7)

�
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(b) Goal: To derive steady-state per capita formulas for capital (k̃∗) and
output (ỹ∗). Also, to obtain the growth rates of aggregate capital (K)
and total output (Y ).

In the steady state the following condition must be satisfied:

˙̃k(t) = sỹ(t)− (δ + n)k̃(t) = 0

⇔ sỹ(t) = (δ + n)k̃(t)

⇔ sk̃(t)α = (δ + n)k̃(t)

Solving for k̃∗,

k̃∗ =
(

s

δ + n

) 1
1−α

Output per capita is given by ỹ(t) = k̃(t)α, so simply plugging in k̃∗,

ỹ∗ =
(

s

δ + n

) α
1−α

�

To calculate the growth rate of aggregate capital, take logs and differ-
entiate K(t) = k̃(t)L(t) w.r.t. time. Proceeding this way we obtain,

K̇(t)
K(t) =

˙̃k(t)
k̃(t)

+ L̇(t)
L(t)

= gk̃(t)︸︷︷︸
=0

+n

In the steady state, by definition, both the growth rate of capital- and
output- per capita are equal to zero. Therefore, the aggregate capital
stock grows at the same rate as population. A similar result is obtained
for the growth rate of aggregate output.

�
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(c) Goal: To derive the savings rate that maximizes consumption per capita
in the steady state, and the MPK in this steady state.

Recall that in the steady state the following condition must be satisfied:

˙̃k(t) = sỹ(t)− (δ + n)k̃(t) = 0

This implies that the fraction of output that is saved is given by,

sỹ∗ = (δ + n)k̃∗

In a closed-economy what is not saved is consumed so that,

c̃∗ = (1− s)ỹ∗ = ỹ∗ − sỹ∗

= ỹ∗ − (δ + n)k̃∗ (8)

The golden rule of capital accumulation states that there is a savings
rate, sgold, that maximizes consumption per capita, c̃∗, in the steady-
state equilibrium. Mathematically, this rate sgold is obtained by solving
the following maximization problem:

max
s

c̃∗ = ỹ∗ − (δ + n)k̃∗

Taking first-order conditions,

∂c̃∗

∂s
= ∂ỹ∗

∂k̃

∂k̃

∂s
− (δ + n)∂k̃

∗

∂s
= 0

= ∂k̃

∂s

[
∂ỹ∗

∂k̃
− (δ + n)

]
= 0

= ∂ỹ∗

∂k̃
− (δ + n) = 0

which implies that,
MPK ≡ ∂ỹ∗

∂k̃
= δ + n

The MPK is then equal to the depreciation rate, δ, plus the population
growth rate, n (when we choose s in such a way that consumption per
capita is maximized). Mathematically, the golden rule requires that the
function of income per capita, ỹ = f(k̃), have the same slope as the
(δ + n)k̃- line (see graphical representation in (d)).
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Now we can use this condition, i.e, MPK ≡ ∂ỹ∗/∂k̃ = δ + n, to obtain
the following expression,

∂ỹ∗

∂k̃
= δ + n ⇔ αk̃∗

α−1 = δ + n ⇔ α
ỹ∗

k̃∗
= δ + n

We can now substitute into this expression the values of ỹ∗ and k̃∗

obtained in 2(b),

α ·

(
s

δ+n

)α/(1−α)

(
s

δ+n

)1/(1−α) = δ + n

⇔ α · s
α/(1−α)(δ+n)1/(1−α)

s1/(1−α)(δ+n)α/(1−α) = δ + n

⇔ α sα−1/(1−α)︸ ︷︷ ︸
=s

−(1−α)
1−α

(δ + n)1−α/(1−α) = δ + n

⇔ αs−1(δ + n) = δ + n

⇔ sgold = α

So that consumption per capita is maximized when the savings rate is
set equal to the factor share of capital.

�

(d) Goal: to illustrate the steady state of the economy as well as depict the
production function, the capital accumulation equation and the gross
investment function.

[Figure 1 about here.]
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3 Shocks in the basic Solow model
In this exercise is good to bear in mind the following formulas:

k̃(t)∗ = A(t)k̂∗ = A(t)
(

s

δ + gA + n

) 1
1−α

ỹ(t)∗ = A(t)ŷ∗ = A(t)
(

s

δ + gA + n

) α
1−α

(a) Goal: to understand what happens to the steady state values of capital
per worker, output worker and consumption per worker when the gov-
ernment applies the new immigration policies. Also, to sketch the path
of these variables when the economy moves to its new steady state.

As result of the new government’s controversial immigration policies, the
steady-state values of k̃(t), ỹ(t) and c̃(t) increase. Thus, the economy
reaches a higher equilibrium level1. The government has been able
to (positively) influence equilibrium levels and its citizens now enjoy
higher levels of output- and consumption- per capita (see graphical
representation below).

[Figure 2 about here.]

For the path of these variables (k̃(t), ỹ(t), c̃(t)), there are two cases:

1. With technological progress, all these variables grow according
to the growth rate of technology gA so that the log of per capita
variables grows linearly over time. During the transition phase (i.e.
from the moment the policy is applied until the economy reaches
the new steady state), the growth rate of the economy is higher
than gA and there are therefore positive level effects.

2. Without technological progress, per capita variables do not grow
once the economy reaches the steady state (note that A(t) = A
and gA = 0 in the two equations listed in the preamble of the
solution to this exercise). During the transition phase, however,
the growth rate of the economy is positive and there are therefore
positive level effects.

1This holds true regardless of whether there is technological progress or not.
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Figure 3 illustrates these two possibilities.

[Figure 3 about here.]

�

(b) Goal: same as in (a) but now for two cases: i) government’s downsizing
lowers the investments rate s; and ii) government combines the policies
in (2a) with public’s sector downsizing.

i) Case 1: s1 < s0. A lower investment rate causes the steady-state
values of k̃(t), ỹ(t) and c̃(t) to decrease. Thus, the economy reaches
a lower equilibrium level. In this case, the government’s policy
has negatively influenced equilibrium levels and citizens in this
economy are, as a result, poorer: they enjoy lower income- and
consumption- per capita levels.

[Figure 4 about here.]

For the path of these variables (k̃(t), ỹ(t), c̃(t)), there are, once
again, two possibilities:

1. With technological progress, all these variables according to
the growth rate of technology gA so that the log of per capita
variables grows linearly over time. During the transition phase,
however, the growth rate of the economy is lower than gA and
there are therefore negative level effects.

2. Without technological equations, per capita variables do not
grow once the economy reaches the steady state. During the
transition phase, however, the growth rate of the economy is
negative and there are therefore negative level effects.

Figure 5 illustrates these two possibilities.

[Figure 5 about here.]

ii) Case 2: s0 > s1 and n0 > n1. We can encounter three scenarios:
1. the effect of a lower population growth rate is stronger than

that of a lower savings rate (same implications as in cases (a))
2. the effect of a lower savings rate is stronger than that of a

lower population growth rate (same implications as in case 1
in this exercise))
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3. the two effects are of equal (opposite) magnitude so that they
cancel each other out and the economy remains in its original
equilibrium level. Also, since the economy follows its original
BGP , there are no level effects (this is the case I sketch below).
There is only one exception: consumption. We see in Figure 6
that per capita investment (consumption) is now lower (higher).
There are, therefore positive level effects for consumption (as
in (a)).

Figures 6 and 7 illustrate the equilibrium level effects and the path
of variables for case (3).

[Figure 6 about here.]

[Figure 7 about here.]

�

(c) Goal: to describe the effect of the fall in both population growth and
investments rate on the path of total output.

In the basic Solow model, the capital accumulation equation is:

K̇(t) = sY (t)− δK(t)

so that a lower investment rate reduces the growth rate of aggregate
capital. Also we can see (from Y = F [K,AL] = Kα(AL)1−α) that the
growth rate of total output is,

gY = αgK + (1− α)(gA + n)

so that total output grows at lower rates because: (1) gK is lower, and
(2) n is also lower2.

�

2This is true not only for Harrod-neutral- but also for Hicks-neutral- and Solow-netural-
technological progress. Verify!
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4 Basic Solow with technological progress
Suppose the economy is described by the following set of equations:

Y (t) = F [K(t), A(t)L(t)] = K(t)α(A(t)L(t))1−α, 0 < α < 1 (9)
K̇(t) = sY (t)− δK(t), 0 < δ < 1 (10)
L̇(t) = nL(t) > 0 (11)
Ȧ(t) = gAA(t) > 0 (12)

(a) Goal: to express the production function and the capital accumulation
equation per effective units of labor.
Define:

ŷ(t) ≡ Y (t)
A(t)L(t) and k̂(t) ≡ K(t)

A(t)L(t)
Then we can express the production function in effective units of labor
as,

ŷ(t) = F

[
K(t)

A(t)L(t) , 1
]

= f(k̂(t)) = k̂(t)α (13)

Take now logs and differentiate w.r.t. time in k̂(t) ≡ K(t)/A(t)L(t),

˙̂
k(t)
k̂(t)

= K̇(t)
K(t) −

(
Ȧ(t)
A(t) + L̇(t)

L(t)

)

= sY (t)− δK(t)
K(t) − (gA + n)

= sY (t)
k̂(t)A(t)L(t)

− (δ + gA + n)

= sŷ(t)
k̂(t)

− (δ + gA + n)

Multiplying both sides of this last equation by k̂(t), we obtain the
capital accumulation equation in effective units of labor:

˙̂
k(t) = sŷ(t)− (δ + gA + n)k̂(t) (14)

�
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(b) Goal: To derive steady-state per effective units of labor for capital (k̂∗)
and output (ŷ∗).

In the steady state the following condition must be satisfied:

˙̂
k(t) = sŷ(t)− (δ + gA + n)k̂(t) = 0

⇔ sŷ(t) = (δ + gA + n)k̂(t)

⇔ sk̂(t)α = (δ + gA + n)k̂(t)

Solving for k̂∗,

k̂∗ =
(

s

δ + gA + n

) 1
1−α

Output per effective units of labor is given by ŷ(t) = k̂(t)α, so simply
plugging in k̂∗,

ŷ∗ =
(

s

δ + gA + n

) α
1−α

�

(c) Goal: To calculate steady-state equilibrium quantities for output, con-
sumption and investment for arbitrary parameter values.

(k̂∗, ŷ∗, ĉ∗, î∗) ≈ (3.33, 1.49, 1.19, 0.3)

�
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Figures

Figure 1: Steady-state equilibrium and the golden rule
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Figure 2: Equilibrium effects of immigration policies: from n0 > 0 to n1 < 0

Figure 3: Path of variables with and without technological progress
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Figure 4: Equilibrium effects of lower investment rates

Figure 5: Path of variables with and without technological progress
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Figure 6: Equilibrium effects of joint policy

Figure 7: Path of variables with and without technological progress
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