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1 Technology Diffusion
(i) Goal: to derive ỹSwe(t)/ỹBur(t) = (1− sR)egAs.

Transform the aggregate production functions in order to get their per
capita counterparts,

ỹSwe(t) = ASwe(t)(1− sR) (1)
ỹBur(t) = ABur(t) (2)

Then re-express the above equations by solving the corresponding dif-
ferential equations for technological progress, namely:

ASwe(t) = ASwe(0)egAt (3)
ABur(t) = ASwe(0)egA(t−s) (4)

Equation (3) says that the technology index in Sweden at time t is a
function of its initial level of technology and the average growth rate
of technological progress over the years. Similarly, equation (4) says
that the technology index in Burundi is a function of the initial level
of technology and the average growth rate of technological progress in
Sweden (the producer of the imitated technology) with some time lag s.
Now we can re-express output per capita in both countries as,

ỹSwe(t) = ASwe(0)egAt(1− sR) (5)
ỹBur(t) = ASwe(0)egA(t−s) (6)

Taking the ratio of ỹSwe to ỹBur we get the desired expression,

ỹSwe(t)
ỹBurt(t)

= ASwe(0)egAt(1− sR)
ASwe(0)egA(t−s)

= 1− sR
e−gAs

= (1− sR)egAs (7)

�

2



(ii) Goal: To calculate the time lag s that better explains the observed
differences in per capita incomes between Sweden and Burundi.

Use equation (7) and simply plug in the provided values for income per
capita and both the share of the research sector and the growth rate of
technology in Sweden,

44, 659
659 = (1− 0.005)e0.01s (8)

Taking logs of this expression,

ln(44, 659)− ln(659) = ln(1− 0.005) + 0.01s

Solving for s,

s = ln(44, 659)− ln(659)− ln(1− 0.005)
0.01 ≈ 422

We estimate that Burundi in 2016 was using the “technology” that
Sweden had in place in the early 17th century.

Similar calculations can be done to see how much Burundi is lagging
behind the median and the mean country1. The answer to these ques-
tions indicate that Burundi in 2016 was using the technology that the
median and the mean country had in 1721 and 1681, respectively.

�

1Data comes from the table in slide 25, Lecture 1.
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2 Absorptive Capacity and Tech. Transfer
(i) Goal: To draw a graph with ḣ/h on the vertical axis and A/h on the

horizontal axis and plot the given function and line g.

The first thing to note is that there are three possibilities, depending
on the value of γ:

1. 0 < γ < 1: then ḣ/h is a scaled root function of A/h
2. γ = 1: then ḣ/h is a scaled linear function of A/h
3. γ > 1: then ḣ/h is a scaled, exponential function of A/h

�

(ii) Goal: To explain the meaning of the g-line, the function ḣ/h and its
intersection.

The line or function ḣ/h captures the relationship between the growth
rate of skills and the relative levels of skills with respect to the world
technological frontier. In general, the lower the level of skills in country
c with respect to the technological leader l, the faster country c accu-
mulates skills. The g-line depicts the (constant) growth rate of skill
accumulation in the steady state. Finally, the intersection between the
function ḣ/h and the g-line determines the steady-state value of the
ratio A/h.
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(iii) Goal: to analyze the short-run and long-run effects of an increase in u
on the growth rate of skills in the graph(s) created in (i).

The short-run effect of an increase in u, the time spent in accumulating
skills, is to move the economy out of its original steady state and push
it towards a transition phase in which the growth rate of skills ḣ/h is
higher than would otherwise be. This reduces the income gap between
the technological leader and the follower country. There are, however,
no long-run effects: when the economy returns to its (new) steady state,
the growth rate ḣ/h is, once again, g.

(iv) Goal: to plot the behavior of h/A over time before, during and after
the increase in u2.

2One can alternatively focus on the ratio A/h to derive the same results.
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(v) Goal: to plot the behavior of ln(h) over time before, during and after
the increase in u .
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3 Absorptive Capacity and Trade
(i) Goal: to derive the steady-state in both the autarky and non-autarky

case.

For terseness, I will derive the steady-state equilibrium in the autarky
case and obtain the non-autarky counterpart by simply imposing the
condition that trade, captured by m, is zero.

Start by re-expressing the production function in a more convenient
manner,

Y (t) =K(t)α [[(h(t) +m(t)]L(t)]1−α

=K(t)α [h(t)L(t) +m(t)L(t)]1−α

=K(t)α[h(t)L(t)]1−α
(

1 + m(t)
h(t)

)1−α

(9)

so that the term
(
1 + m(t)

h(t)

)
captures, if any, the positive effect of trade.

The next step is to transform this aggregate production function to
obtain its per-effective-units-of-labor counterpart. To do so, simply
divide both sides of equation (9) by h(t)L(t),

ŷ(t) = k̂(t)α
(

1 + m(t)
h(t)

)1−α

(10)

where ŷ(t) ≡ Y (t)/h(t)L(t) and k̂(t) ≡ K(t)/h(t)L(t) denote output
and capital in terms of effective units of labor, respectively.

Transform now the aggregate capital accumulation equation by taking
logs and time derivatives of k̂(t) ≡ K(t)/h(t)L(t),

˙̂
k(t)
k̂(t)

= K̇(t)
K(t) −

[
ḣ(t)
h(t) + L̇(t)

L(t)

]
(11)

We now would like to know the growth rate of h. To discover this
growth rate, divide both sides of the skills-accumulation equation in
Exercise 2 by h,

ḣ(t)
h(t) = µeψu

[
A(t)
h(t)

]γ
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Along a BGP , variables grow at constant rates so that we can take
logs and time derivatives of the above expression and impose the BGP
condition so that

γ

[
Ȧ(t)
A(t) −

ḣ(t)
h(t)

]
= 0

needs to be satisfied. Using simpler notation and solving for the growth
rate of h, here denoted as gh, we get the result that,

gh = gA = g

so that the growth rate of skill accumulation is the same as the growth
rate of technological progress. Using this result and simpler notation,
eq. (11) can now be re-expressed as,

˙̂
k(t)
k̂(t)

= K̇(t)
K(t) − (g + n) (12)

Plugging in the aggregate capital-accumulation equation, substituting
for K and operating further eq. (12), we reach the following equation,

˙̂
k(t)
k̂(t)

= sKY (t)− δK(t)
K(t) − (g + n)

= sKY (t)
k̂(t)h(t)L(t)

− (δ + g + n)

= sK ŷ(t)
k̂(t)

− (δ + g + n) (13)

Multiplying both sides of equation (13) by k̂, we obtain the capital
accumulation equation in terms of effective units of labor,

˙̂
k(t) = sK ŷ(t)− (δ + g + n)k̂(t) (14)

We are now in position to impose the steady-state condition and solve
for equilibrium quantities,

k̂(t) = 0 ⇒ sK ŷ(t) = (δ + g + n)k̂(t)
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Plugging ŷ(t) = k̂(t)α [1 +m(t)/h(t)]1−α in the above expression we get,

sK k̂(t)α
(

1 + m(t)
h(t)

)1−α

= (δ + g + n)k̂(t)

which solving for k̂ yields,

k̂∗ =
(

sK
δ + g + n

) 1
1−α (

1 + m

h

)
(15)

assuming m and h grow at the same constant rate once the steady state
is reached.

We can now solve for the steady-state output per effective units of labor
by plugging the expression of k̂∗ into eq. (10),

ŷ∗ = k̂∗α
(

1 + m

h

)1−α

=
( sK

δ + g + n

) 1
1−α (

1 + m

h

)α (1 + m

h

)1−α

=
(

sK
δ + g + n

) α
1−α (

1 + m

h

)
(16)

Equations (15) and (16) together give the steady-state equilibrium
values for capital- and output- per effective unit of labor in the non-
autarky case3.

As always, our ultimate interest in this course resides in obtaining per
capita income, which is given by,

ỹ(t)∗ = h(t)ŷ∗ (17)

The expression for h can be obtained by re-arranging the skills-accumulation
equation given in Exercise 2,

h(t) = A(t)
(
µ

g
eψu

) 1
γ

3Note that these expressions in the autarky case can be obtained by simply setting
m = 0, which makes the second parenthesis in eq. (16) to fade away.
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Plugging this expression into equation (17) we obtain,

ỹ(t)∗ = h(t)ŷ∗

= A(t)
(
µ

g
eψu

) 1
γ

︸ ︷︷ ︸
<A(t)

(
sK

δ + g + n

) α
1−α (

1 + m

h

)
(18)

As before, the expression for the autarky case can be obtained by simply
setting m = 0.

�

(ii) Goal: to compare the two results derived in (i) and explain the immedi-
ate effect of trade.

Equation (18) says that the richest countries are those that: 1) are
more able to assimilate the set of technologies that constitute the
world technology frontier or, for simplicity, those of the “technological
leader”; 2) have higher investment rates; 3) have lower depreciation-
and population-growth rates; and 4) are more open to trade.

The level of per capita income was lower in North Korea before than
after trade because opening up facilitates access to a greater number of
technologies. This is the immediate effect of trade: to scale up the level
of income per capita.

�

(iii) Goal: to discuss the level- and long-run growth effects of trade.

Opening up surely has level effects because, as discussed in section (ii),
trade scales up the function of per capita income. Whether trade has
long-run effects depends, however, on the evolution of variable m, i.e.
on the importing behavior of the North Korean economy. There are
three possibilities:

1. North Korea continually imports new goods and does so at a rate
higher than g, i.e. gm > g: trade has long-run growth effects
(implausible scenario).
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2. North Korea continually imports new goods and does so at rate g,
i.e. gm = g: trade has long-run effects as the relative importance
of imported technologies is preserved.

3. North Korea either continually imports new goods and does so
at a rate lower than g, i.e. gm < g, or does not import any new
goods: trade does not have long-run effects as the positive effect
of trade eventually becomes negligible (most plausible scenario).

�
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