
Suggested Solutions
Exam ME2708 Economic Growth

May 29, 2018, 14:00-18:00

Examiner: Luis Perez, telephone: 0793482845, email: luispe@kth.se

Allowed utensils: Pen, paper, eraser, and calculator. Language lexicon is allowed,
but shall remain at the supervisor’s desk.

Exam structure: The exam is divided in two sections: short questions (35pt) and
mathematical exercises (65pt).

General instructions: (1) read each question carefully ; (2) be clear with your
notation1, and also with your writing; (3) do not make any assumptions but rather
derive all results used in solving the exercises; (4) do not skip any step in the
derivation of results; (5) write your answers in separate sheets; (6) you are allowed
to keep these 5 pages; (7) wait at least 60 minutes before handing in your solutions.

Grading according to the following table:

A Points ≥ 90

B 80≤ points ≤ 89

C 70≤ points ≤ 79

D 60≤ points ≤ 69

E 53≤ points ≤ 59

FX 50≤ points ≤ 52

F Points < 50

Good luck!

1You are strongly encouraged to use tilde- and widehat- notation for per-capita and
per-effective-units-of-labor quantities, respectively. In case I cannot distinguish between
theses quantities you may be penalized.

luis.perez@indek.kth.se 


Short Questions (35 points)

Be as concise as you can (4-5 lines) when answering the following questions:

1. State the Kaldor’s (1963) facts. (4pt)

Answer (slide 27, lecture 1):

• Growth of per-capita output is constant over time

• Real interest rate is constant over time

• The capital-output ratio is constant over time

• The labor income share is constant over time

2. What are the differences between proximate and fundamental causes
of growth? Name the major candidates within each group. (4pt)

Answer (slides 36 and 43, lecture 1; slide 108, lectures 2&3): The proximate

causes (physical and human capital, technology) are essential to understand

the mechanics of growth but the fundamental causes (luck, geography, cul-

tural and institutional differences) ultimately explain the vast and systematic

variations that we observe in income per capita across countries.

3. Provide definitions for steady state and balanced growth path. (4pt)

Answer (slides 49, lectures 2&3; Exercise classes 2 and 3): A steady state is

a point of rest in a dynamical system in which the state variable is constant.

A balanced growth path is a trajectory along which all variables grow at

constant rates.

4. There are two ways to endogenize technology: what are they? Give
examples of economic models for each kind. (4pt)

Answer (slide 5, lecture 4):

I. Introduction of externalities: technology as by-product of some eco-
nomic activity. Examples: Arrow (1962), Frankel (1962).

II. To make technology depend on intentional research efforts. Examples:
Romer (1990), Aghion and Howitt (1992), Jones (1995).

5. Aghion et al. (2016) show that governmental intervention can re-direct
technical change from dirty-/grey- towards green innovation. Which
policy interventions are empirically supported by their analysis? and
why, without these interventions, the transition towards a clean future
is extremely challenging? (4pt)

Answer (mandatory reading for lecture 9): Higher carbon taxes, less subsidies

to dirty- and more subsidies to clean innovation prove fruitful in redirecting
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technical change. Without these interventions, the transition towards a green

future is difficult due to path dependence, i.e. inertia in economic systems

favoring existing conditions.

6. Name the different types of technological progress and provide the
appropriate mathematical formulation for each of them. (3pt)

Answer (slides 50, lectures 2&3):

I. Hicks-neutral technological progress: F [A(t),K(t), L(t)]

II. Solow-neutral technological progress: F [A(t)K(t), L(t)]

II. Harrod-neutral technological progress: F [A(t),K(t)L(t)]

7. There are several ways to contrast the Solow model with the data:
what are they? (3pt)

Answer (slide 79, lectures 2&3): Growth accounting-, regression- and cali-

bration exercises.

8. What is the main difference between Romer’s (1990) and Jones’ (1995)
models, and what are the implications for long-run growth? (3pt)

Answer (slides 21, 45, 54 and 61, lectures 5&6): The main difference between

these models resides in the specification of the law of motion for technol-

ogy/ideas. Whilst Romer’s model features scale effects, Jones’ model does

not.

9. Why does the number of researchers in Jones’ model grow neither
faster nor slower than population? Explain. (3pt)

Answer (slide 52, lectures 5&6): If the number of researchers grows faster

than the population, there would eventually be more researchers than popu-

lation (a contradiction!); if, on the other hand, researchers grow slower than

the population, then there would eventually be no research sector.

10. What does inappropriateness of technology, in the context of technol-
ogy transfer, mean? and what are the reasons behind this “inappro-
priateness”? (3pt)

Answer (slides 31, lecture 7): Inappropriateness of technology in this context

means that technologies that are optimal in one country need not be optimal

in others. The reasons behind this inappropriateness of technology relate to

country-specific conditions affecting production (climate, geography, culture,

etc.) and the skill-mismatch between the country’s workforce and the tech-

nologies adopted (i.e. the technologies’ potential cannot be fully exploited).
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Growth Models (65 points)

11. Exogenous growth: The basic Solow model. (25pt)

Suppose the economy is described by the following set of equations:

Y (t) = AF [K(t), L(t)] = AK(t)αL(t)1−α, 0 < α < 1 (1)

K̇(t) = sY (t)− δK(t), 0 < δ < 1 (2)

L̇(t) = nL(t) > 0 (3)

where equations (1), (2) and (3) represent the production function, the
motion of (physical) capital accumulation and the exogenous behavior
of population growth, respectively.

Variables A,K,L and Y denote technology, capital, labor and output,
respectively. When a variable is not indexed by time t, it is treated as
a constant. Parameters α, s, δ, n denote the income share accrued to
capital, the savings rate, the (exponential) depreciation rate, and the
population growth rate. This exercise asks you to:

(a) Show the type of returns to scale that the production function
exhibits when technology, capital and labor are treated as influ-
enceable inputs in production. (5pt)

Answer (similar to exercises: 1 in Assignment 1, 5(i) in Assignment 2,
and 2 in Assignment 3): Increasing returns to scale (IRS).

F (λA, λK, λL) = λA(λK)α(λL)1−α = λ2AKαL1−α (4)

λF (A,K,L) = λAKαL1−α (5)

Since (4) > (5) for all λ > 1, there are IRS when A, K and L are all
influenceable inputs to production.

�

(b) Derive the steady-state capital stock per capita (k̃∗), the steady-
state output per capita (ỹ∗), and provide an economic interpre-
tation for these equations. Is there long-run growth in per capita
quantities in this economy? Explain why. (10pt)

Answer (similar to exercise 2(a-b) in Assignment 1): Defining,

ỹ(t) ≡ Y (t)

L(t)
and k̃(t) ≡ K(t)

L(t)

One can then express the production function in per capita terms as,

ỹ(t) = F

[
A,

K(t)

L(t)
, 1

]
= f(A, k̃(t)) = Ak̃(t)α (6)
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Taking logs and differentiating k̃(t) ≡ K(t)/L(t) w.r.t. time,

˙̃
k(t)

k̃(t)
=
K̇(t)

K(t)
− L̇(t)

L(t)

=
sY (t)− δK(t)

K(t)
− n

=
sY (t)

K(t)
− (δ + n)

=
sY (t)

k̃(t)L(t)
− (δ + n)

=
sỹ(t)

k̃(t)
− (δ + n)

Multiplying both sides of this last equation by k̃(t), one obtains the
capital accumulation equation in per capita terms:

˙̃
k(t) = sỹ(t)− (δ + n)k̃(t) (7)

Imposing the steady-state condition,

˙̃
k = 0⇒ sỹ∗ = (δ + n)k̃∗

⇔ sAk̃∗
α

= (δ + n)k̃∗

One can then solve for the steady-state capital stock per-capita,

k̃∗
1−α

=
sA

δ + n
⇒ k̃∗ =

(
sA

δ + n

) 1
1−α

Plugging this expression into the expression of ỹ, one obtains the steady-
state output per capita,

ỹ∗ = Ak̃∗
α

= A

(
sA

δ + n

) α
1−α

= A
1

1−α

(
s

δ + n

) α
1−α

There is no long-run growth in this economy. The expression for output
per capita is static because there is no technological progress and thereof
the economy does not grow.

�

4



(c) Illustrate the steady state of the economy in a figure. Denote
ỹ∗, k̃∗, c̃∗, ĩ∗ as well as depict the production function, the gross
investment function and the corresponding (·)k̃- line. (5pt)

Answer (same as exercise 2(d) in Assignment 1):

(d) Assume that there is a baby boom and the population growth rate
of this economy increases. Illustrate the effect of the shock in a
figure similar to the one in (c). Is there anything that the govern-
ment can do in order to counterbalance this effect on steady-state
levels of income per capita? Explain. (5pt)

Answer (similar to exercise 3(b) in Assignment 1 (opposite case!)):

Parameter n is typically invariant to policy manipulation, so it is un-

likely that the government can influence it. Technology, A, is, on the

other hand, constant2. Therefore, the only thing that the government

can do to counterbalance the negative effect of the baby boom is to

raise the savings rate, s.

2If, however, the government can increase A by, say, acquiring technologies from other
countries, this would have the effect of counteract the negative effect of higher n.
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12. Endogenous growth I: AK Models and Dynamics. (10pt)

Consider the following production function:

Y (t) = AK(t) +BK(t)αL(t)1−α, 0 < α < 1, A,B > 0 (8)

where A and B are technological parameters, K and L denote capital
and labor, respectively. The aggregate-capital accumulation equation
is, as usual, given by,

K̇(t) = sY (t)− δK(t) (9)

This exercise asks you to:

(a) Assume depreciation at rate δ ∈ (0, 1) and population growth at
rate n > 0. Show graphically that the growth rate of per-capita
capital stock converges to some real number. (7pt)

Answer (exercise 5(ii) in Assignment 2): Defining

ỹ(t) ≡ Y (t)

L(t)
and k̃(t) ≡ K(t)

L(t)

One then can express the production function in per capita terms as,

ỹ(t) =
AK(t) +BK(t)αL(t)1−α

L(t)

= Ak̃(t) +Bk̃(t)α (10)

and transform the capital accumulation equation by taking logs and
time derivatives of k̃(t) ≡ K(t)/L(t),

˙̃
k(t)

k̃(t)
=
K̇(t)

K(t)
− L̇(t)

L(t)

=
sY (t)− δK(t)

K(t)
− n

=
sY (t)

K(t)
− (δ + n)

=
sY (t)

k̃(t)L(t)
− (δ + n)

=
sỹ(t)

k̃(t)
− (δ + n)

Plugging the expression of ỹ(t) into this last expression,

gk̃ ≡
˙̃
k(t)

k̃(t)
= s

(
Ak̃(t) +Bk̃(t)α

k̃(t)

)
− (δ + n)

= sA− (δ + n) + sBk̃(t)α−1

= sA− (δ + n) +
sB

k̃(t)1−α

6



Figure 1: Graphical convergence of gk̃

�

(b) Assuming that sA > n+δ, show mathematically what the growth
rate of per-capita capital stock is when k̃ →∞. (3pt)

Answer (exercise 5(iii) in Assignment 2): Taking the limit of gk̃ when

k̃ →∞,

lim
k̃→∞

gk̃ = sA− (δ + n) +
sB

k̃(t)1−α︸ ︷︷ ︸
→0

= sA− (δ + n) > 0

one can see that the growth rate of capital per capita when k̃ → ∞
converges to some positive quantity sA− (δ + n).

�
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13. Endogenous growth II: Jones’ (1995) model. (20pt)

Suppose the economy is described by the following set of equations:

Y (t) = F [K(t), A(t)LY (t)] = K(t)α[A(t)LY (t)]1−α, α ∈ (0, 1) (11)

K̇(t) = sY (t)− δK(t), 0 < s, δ < 1 (12)

Ȧ(t) = θLA(t)λA(t)φ, 0 < λ, φ < 1, θ > 0 (13)

L̇(t) = nL(t), n > 0 (14)

L(t) = LY (t) + LA(t), LY , LA > 0 ∀t (15)

sR = LA(t)/L(t) (16)

where equation (11) represents the production function; equations
(12)-(14) capture the laws of motion for aggregate capital, technol-
ogy and population, respectively; equation (15) says that people in
this economy are either working within production, LY , or within re-
search, LA; and equation (16) specifies the condition that the share of
people working in research is constant, despite population growth.

Please derive:

(a) The growth rate of aggregate capital and output along a balance
growth path. (5pt)

Answer (almost identical to exercise 4(i) in Assignment 2): Taking logs
and time derivatives of the production function,

Ẏ (t)

Y (t)
= α

K̇(t)

K(t)
+ (1− α)

(
Ȧ(t)

A(t)
+
L̇Y (t)

LY (t)

)
Using simpler notation and the assumption that the population working
in production grows at the same rate as total population,

gY = αgK + (1− α) (gA + n) (17)

One can calculate the growth rate for aggregate capital by diving the
capital accumulation equation by K,

K̇(t)

K(t)
= s

Y (t)

K(t)
− δ

and then infer that gY = gK = g along a balanced growth path (other-
wise gK does not grow at a constant rate!). Using this result one can
simplify equation (17),

g = αg + (1− α) (gA + n) ⇔ g = gA + n

so that both aggregate output and capital grow at the growth rate of
technological progress plus the population growth rate along a BGP .

�
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(b) Income per capita along a balance growth path, and provide an
economic interpretation for this equation3,4. (15pt)

Answer (almost identical to exercise 3(i-iii) in Assignment 2): Defining

ŷ(t) ≡ Y (t)

A(t)L(t)
and k̂(t) ≡ K(t)

A(t)L(t)

One can then re-express the aggregate production function as,

ŷ(t) = F

[
K(t)

A(t)L(t)
,
LY (t)

L(t)

]
= f

[
k̂(t),

L(t)− LA(t)

L(t)

]
= f

[
k̂(t), (1− sR)

]
= k̂(t)α(1− sR)1−α (18)

To express the capital accumulation equation in terms of effective units
of labor we simply need to take logs and time derivatives,

˙̂
k(t)

k̂(t)
=
K̇(t)

K(t)
−

[
Ȧ(t)

A(t)
+
L̇(t)

L(t)

]

=
sY (t)− δK(t)

K(t)
− (gA + n)

=
sY (t)

k̂(t)A(t)L(t)
− (δ + gA + n)

=
sŷ(t)

k̂(t)
− (δ + gA + n)

Multiplying both sides of the last expression by k̂(t) we obtain,

˙̂
k(t) = sŷ(t)− (δ + gA + n)k̂(t) (19)

Imposing the steady-state condition,

˙̂
k = 0⇒ sŷ∗ = (δ + gA + n)k̂∗

⇔ sk̂∗
α

(1− sR)1−α = (δ + gA + n)k̃∗

Solving for the steady-state capital stock per effective units of labor,

k̃∗
1−α

=
s(1− sR)1−α

δ + gA + n
⇒ k̃∗ =

(
s

δ + gA + n

) 1
1−α

(1− sR)

3Hint : It might be a good idea to start by transforming the system to its counterpart
in effective units of labor.

4Please note that you do not need to plug the expression of gA into A(t) when ex-
pressing it in terms of initial levels of technology.
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Plugging this expression into ŷ, one obtains the steady-state output per
effective units of labor,

ŷ∗ = k̂∗
α

(1− sR)1−α

=

[(
s

δ + gA + n

) 1
1−α

(1− sR)

]α
(1− sR)1−α

=

(
s

δ + gA + n

) α
1−α

(1− sR) (20)

One needs to transform equation (20) in order to obtain output in per
capita terms,

ỹ(t) = A(t)ŷ∗

= A(t)(1− sR)

(
s

δ + gA + n

) α
1−α

= A(0)egAt(1− sR)

(
s

δ + gA + n

) α
1−α

(21)

Richer countries are those with: i) higher initial levels of technology; ii)
higher technological-progress growth rates; iii) smaller relative size of
the research sector; iv) higher savings rate; v) lower depreciation rates;
and vi) lower population growth rates5.

�

5Note of caution: This interpretation is subject to the non-inclusion of the expression
for gA in the equation for output per capita. As such, interpretations might not be
completely accurate, especcially for (iii) and (vi).
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14. DTC, technology adoption and trade. (10pt)

(a) In the framework of technology transfer with trade, production
is governed by,

Y (t) = K(t)α [(h(t) +m(t))L(t)]1−α (22)

where h represents the number of technologies that the popula-
tion of country c has absorbed, i.e. learnt to use, and m is the
number of imported technologies.

This exercise asks you to re-write the production function in such
a manner that you can point to the positive effect, if any, of trade.
(4pt)

Answer (slide 50, lecture 7):

Y (t) =K(t)α [[(h(t) +m(t)]L(t)]
1−α

=K(t)α [h(t)L(t) +m(t)L(t)]
1−α

=K(t)α[h(t)L(t)]1−α
(

1 +
m(t)

h(t)

)1−α

(b) In an application of the Acemoglu and Zilibotti’s (2001) frame-
work in which we used the constant elasticity of substitution
(CES) production function, we reached the following expression
for the skill premium:

wZ
wL

=

(
AZ
AL

)1−υ (Z
L

)−1+(1−α)(1−υ)
(23)

where w,A,Z and L denote wages, technology, skilled labor and
unskilled labor, respectively. Given α ∈ (0, 1) and v > 06, we
have that −1 + (1− α)(1− υ) < 0, by construction.

Please explain:

(i) The direct effect of the relative abundance of skilled labor on
the skill premium. (2pt)

Answer (slide 18, lecture 8): The direct effect, commonly referred

to as the substitution effect, is negative: the more abundant skilled

labor is, the lower the skill premium should be.

6Recall that υ is an inverse measure of substitutability between skilled and unskilled
labor. In particular, note that:

? υ ∈ (0, 1) ⇒ goods are gross substitutes

? υ ∈ (1,∞) ⇒ goods are gross complements
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(ii) The indirect effect (through AZ/AL) and the overall long-
run effect of the relative abundance of skilled labor in the
skill premium, conditional on υ. (4pt)

Answer (slides 18 and 25-26, lecture 8):

• The indirect effect materializes through AZ/AL. If 0 < υ < 1,
this effect is positive: the more abundant skilled labor is, the
more biased technical change is towards this factor of produc-
tion (the opposite is true if υ > 1).

• The overall long-run effect is that the skill premium would
increase if the goods are close-enough substitutes (υ → 0), but
otherwise decrease.
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